LINEARLY FOLIATED CALABI YAU n-FOLDS 
I. FIRST-ORDER DEFORMATIONS 
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Abstract. We consider classes of noncompact n-folds with trivial canon- 
ical bundle, that are linear foliations on nonsingular projective varieties, 
in general without a projection to the base. We obtain them as first- 
order deformations of total spaces of vector bundles on those varieties. 
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Introduction 

A very important question in geometry, and also a hard one, is related to 
the classification of algebraic varieties with trivial canonical bundle, known 
as Calabi-Yau n-folds, in particular in dimension three. In fact, Calabi- 
Yau n-folds can be considered as the complex analogue of oriented real 
n-manifolds, [4J. Moreover, the lack of understanding of the Calabi-Yau 
case is regarded as one of the principal gaps in the classification of algebraic 
threefolds, see for example [3] and the references therein. 

On the other hand, a much simpler question concerns the local aspect of 
a Calabi-Yau n-fold along an embedded subvariety, that is, the description 
of the tubular neighborhood of a subvariety in a Calabi-Yau n-fold. In 
this note we will focus on the case in which the subvariety is nonsingular, 
considering projective Calabi-Yau n-folds. 

Let X be a nonsingular projective variety with trivial canonical bundle 
and let M be a nonsingular subvariety of X. The normal cone to M in X 
is isomorphic to a vector bundle on M, with rank equal to the codimen- 
sion of M in 1, and called the normal bundle of M in X. We will study 
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deformations to the normal cone at the first order, for details see [2], that 
is, first-order deformations of total spaces of vector bundles on nonsingular 
projective varieties. Moreover we will impose on them the vanishing of the 
canonical bundle. 

This note is organized as follows. Let M be a nonsingular m-dimensional 
projective variety, and V — ► M a rank-r vector bundle. Wanting to describe 
the group H l (V,Ty), see jT], we will first notice (Section II. ip that we have 
a non-canonical isomorphism of the form 

B\V,T V ) ~ H vcvt ®H hmiz 

with 

H vcit := ff 1 (M ) V<8>Symy*)/im(<$i) 

H hoiiz := ker (5 2 : H\M, T m ® SymV*) -> H 2 (M, V ® SymV*)) 

where SymV* is the symmetric algebra of the dual bundle of V. In fact, 
this splitting is given by a long exact sequence in cohomology, induced by 
the Atiyah sequence 

-> tt*V -> TV -> tt*T m -» 0, 

and 5 g : W(M,T M ® Syru^*) -» H q+1 (M, V ® SymF*) are the usual con- 
necting morphisms. In such a way, we can reduce the deformation problem 
for the total space of to the study of groups, -ff V ert and -f^horiz, that are 
defined in terms of cohomology groups on the base M. Those groups and the 
maps among them can be quite explicitely computed in Cech cohomology 
(Section 

For us a Calabi-Yau variety is a variety X with trivial canonical bundle, 
i.e. such that Kx — Ox- Thus, the total bundle of V is a Calabi-Yau variety 
when dety ~ Km- Given the previous splitting of H l (V,T v ) into groups 
defined on the base M, we would like to understand which deformations 
preserve the Calabi-Yau structure of the total space of V. We will observe 
that there exists a map (Section [5} 

3* : ff^V.Ty) -> H l {V,O v ) 

from the deformations of V to the deformations of its canonical bundle, 
whose kernel, in the case in which V is Calabi-Yau, gives the deformations 
with trivial canonical bundle. This map is induced in cohomology by the 
differential map 

d:T v ^ O v . 

Finally, in the last section, we will consider the case of a nonsingular curve 
in a nonsingular Calabi-Yau n-fold. 

1. Vector bundles and nonlinear deformations 

1.1. An exact sequence in cohomology. Let ir : V — > M be a rank-r 
vector bundle over a m-dimensional nonsingular projective variety M. We 
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will use the same symbol for the vector bundle, for the locally-free sheaf of 
its sections, and for its total space. 

We would like to describe the group H 1 ^, Ty), of first order deformations 
of the total space of V, in terms of groups defined on the base M. To this 
aim, let us first notice the following. 

Lemma 1. Let E — > M a vector bundle on M and tt*E — ► V its pullback 
bundle over the total space ofV. Then 

H^V^E) ~ H\M,E® SymV*), 

where V* denotes the dual bundle ofV and SymV* := ©d>o Syrn^V* is the 
symmetric Om -algebra ofV*. 

Proof. Since tt : V — ► M is an affine morphism, for any quasi-coherent sheaf 
£ on V we have H l {V,£) — H % (M, 7r*£ ). Thus, in particular, 

H\V,<k*E) ~ iT(M,7r*7r*E). 

Since is a locally-free sheaf of finite rank, we now use the projection 
formula, that gives it*-K*E = E^tt^Ov, and, together with ir*Ov ~ SymV*, 
the result. □ 

Let us also notice that we have the exact sequence of vector bundles 
(Atiyah sequence) 

(1) -> 7T*V -» Ty -> 7T*TjVf -» 0. 

Lemma 2. T/ie sequence induces the long exact sequence 

-» H°(M, V SymV*) -> fl°(V; Ty) -» i?°(M, T M <g> SymV*) -» 

ff x (M,y (giSymV*) -»• ••• 

Proof. Using the previous lemma and the usual long exact sequence induced 
in cohomology by ([T|). □ 

Finally, let us notice that the image of the map 
H 1 {M,V ®SymV*) -> i7 1 (V,Ty) 
gives the deformations for which there exists a projection to the base M. 

1.2. The sequence in Cech cohomology. Let us begin with some no- 
tational remark. In the following we will consider locally-free sheaves E of 
sections of vector bundles which have been trivialized on an open covering 
U = {U a }, so each section over U a will be identified with vectors of func- 
tions f a on U a . As usual, changing trivialization we will have to multiply 
by the appropriate transition function. As a notational choice, the higher 
cochains f ao a 1 ...a q , defined on U aQai ___ a , will be given by vectors of functions 
using the trivialization on U aq . In this notation, if E a p are the transition 
functions of E on U a p, the Cech differential 

5 : C'(U,E) -» C'(U,E) 
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■■6tj- a g+1 + ( ) q+1 E aq+iaq f a 

3=0 



will act on a g-cochain {/ ao ---a 9 } as 
i 

/ao- 

When using a different trivialization, we will explicitely indicate it with a 
superscript, i.e. 

f(a k ) — TP f 

J ao—cek—Cq ' J ^a k a q Ja ...a k ...a q - 

Let again n : V — > M be a rank-r vector bundle over a m-dimensional 
nonsingular projective variety M over C. Let U = {U a } be a sufficiently 
fine open covering for M over which V trivializes, with local coordinates 
{z a = (4> • • • , z a)}- Let {fap(zp) = (flp(zp), fap( z p))} be the transi- 
tion functions for the given atlas and V a p(zp) the matrix of transition func- 
tions for V. An open covering of the total space of V is given by W = {W a }, 
where W a := U a x C r , and the transition functions on W a n Wp are 

Za = f a p(zp) 
Wa = V a p(zp) Wp 

where w a = (w\, . . . , w^) are coordinates on the fibre C r . 

The first order deformations of the total space of V, i.e. a fibre p~ l (e) of 
a family p : V — ► Spec(C[e]/e 2 ) with central fibre V, can be represented by 
the transition functions on W a n 

Za \ _ ( fap(zp) \ , , x / Ca/3 



(2) 



(3) = t/T +eM a/3 (z i3 ,^), 

\W a J V V aP{Zp)wp J ap\ p, pj y ^ 

where {(Ca/3) w a ^)} are regular on W a n Wp, and e 2 = 0. For convenience, 
we multiplied the deformation term by 

(4) M a p := ( ^ ° 

where V a p is the matrix of transition functions for V, and J a p and R a p are 
the m x m and m x r matrices with coefficients 



(5) (Jap) b := -TTb - , (Rap) b == ^ o y6 S 

with a, 6 = 1, . . . , m and i,j = 1, . . . , r. Notice that J a p is the matrix of 
transition functions of Tm on U a n C/g and M Q/ g the one of Ty on W a n WJg. 
As expected, we have the following 

Lemma 3. The deformation terms {((ap,u a p)} are cocycles representing 
elements in the Cech cohomology group H 1 (V,Ty). 

Proof. The compatibility on triple intersections gives 

JayCay = JayCp"/ + JapCaP 
RajCa-y + V aJ UJ a j = R a ~/(p~, + V^LOp^ + R a p( a p + V a pU) a p 
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i.e. the cocycle conditions 



Ca 7 ^ _ f C/3 7 ^ + M „ ( Ca/3 



*f0 . 

Ufa J \ iO a /3 

If we impose the equivalence of two deformations when they are related by 
a change of local coordinates of the form 

z a \ f z a \ I h a (yZ a ,w 



w 'a J ' V W P ) + ^ V 9a(z a ,W c 



we obtain the coboundary conditions 

9 Vf Ca/3 ) = ( ha )-M a J hf} 

" a p J V 9/3 J p \ 9(1 

and the statement. □ 

Let as before ir : V — > M be a vector bundle and let us consider an- 
other vector bundle E — > M and its pullback bundle tt*E — > V. A section 
{f]a{z a , w a )} of ir*E on UWq ~ U(J7 Q x C r ) can be expanded in polynomials 
of degree d in {w a } as 

(6) r? a (^ )U ; a ) = ^ £ W(^)-K)® d 

d 

where Ea (z a ) is a (symmetric) tensor- valued function on U a and 



(7) 4 rf )-K)^:= J] ( £ 

On C/ Q/ g one has 



( d )V . . . . . W H 



h,-,id=i 



where E a p are the transition functions for E and = (Vj^) l , i.e. {e^ } 

is a section of E®Sym d V* on UC/q,. It is easy to see that the previous expan- 
sion, when applied to Cech cocycles, commutes with the Cech differential 
and gives the explicit isomorphism of Lemma [TJ 

In particular, we can apply the previous considerations to sections {Ca(z a , w 
and {u a (z a ,w a )}, respectively of tt*T^ and of tt*V on UW a — U a x C r , and 
expand them in polynomials as 



(a{z a ,W a ) = ^2p { a\z a 
d 

(8) U a {z a ,Wg) = • (Wg) 



■I 

®d 



d 

The Atiyah sequence on the Cech complexes of Cech cochains reads 
-» C'(W,ir*V) C*(W,T V ) -» C"(W,7r*T M ) -» 
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where 

'■ { w aoai-tt 5 } > { (fii ^aoai—aq) } 

Pq '■ {(Ca a 1 ...a q ^a a 1 ...a q )} ~^ {Caoai...af ? } 

and, as usual, they induce maps in cohomology. The connecting morphisms 
are 

5 q : H g (W,ir*T M ) -> J H" <?+1 (W,vr*1/) 

with 

Finally, let us notice that they can be decomposed, according to (JSJ), as 

$q = Erf 4^) with 

: # 9 (^, T M ® Sym d V*) V ® Sym d+1 1/*), 

where the maps <5j^ act on cocyles as 

5 (d) (rf) V _/ M . 

2. CalABI-YAU CONDITION 

Let as before 7r : 1/ — > M be a rank-r vector bundle over a m-dimensional 
nonsingular projective variety M over C. 

The Calabi-Yau condition for the total space of V, i.e. the triviality of 
its canonical bundle Ky ~ Oy, is equivalent to the condition det V ~ ifj^. 
This can be seen for example by using the Atiyah sequence of vector bundles 
on V and 

(9) K v ~ (detlV) -1 ~ ^* ((det V^Km) ■ 

In local coordinates the Calabi-Yau condition gives the condition on the 
cocycles {J a p} and {V a p} 

(10) det J a/3 det V aj3 = 1 . 

2.1. Another map in cohomology. We now want to consider, among the 
first-order deformations of the total space of V, those that do not deform 
the canonical bundle. In particular, in the case in which the total space of V 
has trivial canonical bundle, these deformations leave the canonical bundle 
trivial. We have the following proposition. 

Lemma 4. The map 

(11) d# -.H^V^^H^V^Ov) , 
induced in cohomology by the differential map ( divergence ) 

(12) 8 : T v -» O v 
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associates to a first-order deformation 5 t V of the total space of V , a first- 
order deformation 5 e Ky of the canonical bundle Ky of the total space ofV. 
Its kernel gives the deformations that leave invariant the canonical bundle 
( Calabi-Yau deformations ). 

Proof. Recall the transition functions for V e (with e 2 = 0) 

**) = ( ) + eM afi {z p ,w p ) ( ^ ' 

where {(Co/3) ^ap)} are cocycle representatives of elements of H^iV, Ty). The 
transition functions for the top forms are 

dz\ A • • • A dz™ A dvja A • • • A dw r a = 



det M a(3 det (l + eM~^N a/ ^j dz\ A • • • A dz™ A dw\ A • • • A dw r p, 



where 



(a/3 
Uaf3 



Moreover, since e 2 = 0, we have the identity 

det (l + eM -1 JV) = (l + eTr M _1 iV) . 

Notice now that we can write the term Tr M~ 1 N, giving the first-order 
deformations of the canonical bundle, as 



m aAoc)a r q (a)k 



o=l fc=l 

where the superscript (a) on an d means that the cocycles are 

represented in the trivialization for the chart U a . In fact, 



In the t/g-trivialization we have 

Tr (M a/3 A^) _ ^ — + — C Q/3 + 2. 

a=l P P fc=l P 

where K Q/ g := ln(det J a p det V^g), i.e. = in the case in which V is 
Calabi-Yau. □ 

2.2. The condition reduced to the base. Given a vector bundle V and 
its dual V*, we have natural contraction maps (also called internal products) 

c M : SyufV ® Sym p+q V* -» Sym 9 F*. 

Going back to the Calabi-Yau condition, we have the following. 
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Lemma 5. The map 



Q# jj# 



: H\M,V ®Sym d V*) -» H l (M, Sym d_1 F* > 



zs £/ie map induced in cohomology by the contraction map en^a). 

3. Dimension one 

Let 7r : V — » £ a rank vector bundle on a nonsingular curve S. In 
this case, the exact sequence of Lemma [2] stops in grade 1 and we do not 
have higher obstructions. Now, we could repeat step-by-step the passages of 
the previous sections, considering the simplifications of the case of a curve. 
Instead, we take a slightly different viewpoint. 

Let us first remark that to study deformations of the total space of V, we 
can reduce to the case in which V is a sum of line bundles, in the following 
sense. Since every vector bundle of rank r > 1 over a nonsingular curve 
contains a line bundle as a sub-bundle, we have a sequence of inclusions of 
vector sub-bundles 

fa = Vi C V 2 C • • • C V r -i CV r = V 

and extensions 

-> fa -> V 2 -> fa -> 

o - v 2 - y 3 - 03 -» o 
o -> y r _i -> v -» fa -> o . 

This implies, by using the openness of versality theorem, see [I], a sequence 
of inclusions of versal deformations 

Def (V) C Def (V r -i © fa) C • • • C Def (0a © • • • © r ) . 

In the case in which V — Vq = fa © • • • © (j) r , the transition functions for 
the deformation have the form 

Z a = fa/3(zp) + ef' al3 (zp)( a /3{zp,Uf3) 

for j = 1, . . . ,r, 

where {fa a g} are the transition functions for the line bundles fa. Moreover 
we have 



(13) Sym d (0i © • • • © fa)* = fa 



mi 



mi , . . . ,m r — 

mi H h^r — ^ 
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If we write the deformations in the form 

mi ,...,m r 

<4#i*fiw) ■= E 4 B1 " fl,r) w# 1 -W mr 

mi ,...,m r 

then we have, as a simple corollary of the previous lemmas and by using 
(fT3|) . or by direct computation, 



i—mj- 

a/3 



and, for = Q 



j{mi—m r )\ tt1(s^ i— mi r-(mj—l) i-m r 



'a/3 J c " Vj Vr 

The Calabi-Yau condition on each intersection U a p reads 
that is, for the Calabi-Yau case f'4> 1 ■ ■ ■ (jf = 1, 

as) f^ + E^ = °- 

Expanding in powers of w as before, the Calabi-Yau condition becomes 

(i6) £-/rr mr) = - ek + n^r ! : - 
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